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ABSTRACT. Tuned Liquid Column Dampers (TLCDs) are recognized for their effectiveness in passive
vibration control. However, accurately modeling their damping characteristics remains a challenge due to
the complex, nonlinear dependence of head loss on fluid properties and flow regimes. This study presents a
numerical framework to evaluate the dynamic response of a primary structure coupled with a TLCD under
stochastic excitation, to assess the TLCD’s effectiveness in passive vibration control. Unlike traditional ap-
proaches that assume a constant experimental damping coefficient, this work employs a phenomenological
model that dynamically evaluates the instantaneous head loss using fundamental fluid mechanics principles,
employing the Poiseuille and Swamee-Jain formulations for laminar and turbulent regimes, respectively.
The resulting system of stiff, nonlinear differential equations is solved using the Backward Differentiation
Formula (BDF) method. A comparative analysis of four working fluids (water, ethylene glycol, SAE 30 oil,
and glycerin) was conducted to investigate the impact of viscosity on efficiency. For the chosen standard
configuration, with a small-diameter tube setup (D ≈ 21 mm), the results indicate that simply substituting
water with high-viscosity fluids increases the simulated structural response. Furthermore, a refined paramet-
ric search varying the liquid column length (L) and tube diameter (D) generated performance heatmaps for
Root Mean Square (RMS) and Maximum Absolute (MaxAbs) displacement metrics. These maps showed
that lower-response TLCD configurations depend on both the fluid properties and the selected metric. The
proposed methodology provides a tool for preliminary TLCD design studies based on explicit assumptions
in fluid mechanics.
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2 TLCDS UNDER STOCHASTIC EXCITATION

Keywords: vibration analysis, passive vibration control, tuned liquid column damper (TLCD), stochastic
excitation, head-loss coefficient.

1 INTRODUCTION

The control of unwanted vibrations is essential in a wide range of applications, spanning civil
engineering, mechanical systems, and aerospace industries. To mitigate these effects, dampers
are widely employed as vibration control devices [33]. Among the various damper categories,
passive devices stand out for their ability to dissipate energy without external power sources,
achieving optimal performance when designed using systematic optimization criteria [1]. In this
context, [18] conclude that passive Tuned Mass Dampers (TMDs) remain the predominant solu-
tion in industry, despite advancements in semi-active, active, and hybrid damping technologies.
According to the authors, this predominance is due to the reliability and lower cost of passive
dampers. More applications of TMD can be seen in [7, 9, 15].

Another solution, the Tuned Liquid Column Dampers (TLCDs), emerges as an effective alterna-
tive for vibration control. As explained by [17], these devices can adopt various configurations,
utilizing fluid motion within a column to dissipate energy and exploiting resonance between the
fluid and the primary structure. TLCDs have been widely used across diverse engineering fields
due to their simple construction and efficient vibration attenuation. As noted in [16,21], although
TMDs generally offer superior control performance compared to TLCDs, the greater operational
safety, lower installation and maintenance costs, and versatility of TLCDs make them a more vi-
able option for many practical applications. Recent research has explored their use in mitigating
earthquake-induced [8] and wind-induced vibrations [6, 39] in civil structures.

A key parameter for assessing TLCD performance is head loss, which directly influences the sys-
tem’s energy dissipation capacity. As discussed by [39], head loss is related to fluid viscosity and
geometric characteristics of the TLCD, affecting the effective damping of the system. Therefore,
accurately modeling head loss for fluids other than water is crucial for optimizing performance.
Determining the exact damping characteristics of TLCDs remains a critical challenge in design.
Unlike the mass and stiffness terms, which are geometrically defined, the damping term arises
from complex fluid-structure interactions, including wall friction and flow separation at corners.
Experimental studies by [12] demonstrated that the head loss coefficient is not a constant but
depends on the flow regime and the geometry of the tube fittings. Similarly, [26] highlighted the
discrepancies between classical laminar flow theories and experimental observations in U-tubes,
proposing empirical corrections to account for the oscillating velocity profiles. Furthermore, in-
vestigations by [6] and [39] emphasize that establishing an equivalent damping coefficient for
random vibration is non-trivial and essential for accurate response prediction. Consequently, re-
lying solely on fixed experimental coefficients can lead to inaccuracies when fluid properties or
scales change, thereby justifying the use of phenomenological models grounded in fundamental
fluid mechanics.

Trends Comput. Appl. Math., 27 (2026), e01901
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In this study, a numerical model is developed to analyze the performance of a TLCD-coupled
system under stochastic excitation, accounting for the effects of fluid type and viscosity on head
loss. The equation of motion is numerically integrated using the Backward Differentiation For-
mula (BDF) method because the coupled system contains nonlinear damping terms and may
become stiff for high-viscosity fluids. The specific contributions are: (i) dynamic evaluation of
the head loss coefficient from the instantaneous Reynolds number, using Poiseuille and Swamee-
Jain formulations; (ii) numerical comparison of water, ethylene glycol, SAE 30 oil, and glycerin
in the same nominal TLCD geometry; and (iii) parametric performance maps in terms of effective
column length and tube diameter.

This numerical work is related to the previous experimental investigation by [31], which used
the same test bench to apply singular spectrum analysis (SSA) to vibration signals from a system
with an attached TLCD. The present paper does not claim experimental validation of the damping
model. Instead, selected physical parameters of that bench are used as input data for the numerical
simulations, thereby keeping the computational study tied to a real laboratory configuration while
focusing on the phenomenological treatment of head loss.

The remainder of this paper is organized as follows. Section 2 presents the structure–TLCD
mathematical model, the head-loss formulation, and the numerical implementation. Section 3
discusses the time-history response, the influence of fluid properties, and the geometric paramet-
ric maps for Root Mean Square (RMS) and Maximum Absolute (MaxAbs) displacement. The
final section summarizes the numerical findings, limitations, and implications for preliminary
TLCD design.

2 MATERIALS AND METHODS

2.1 Equation of motion and physical setup

Analyzing the equations of motion for a TLCD-coupled system provides insight into the effects
of this type of damper and supports the assessment of parameters that influence energy dissipa-
tion. Based on the work of [29] and in correlation with the research of [6], the equation of motion
for a two-degree-of-freedom system, comprising a one-story building-like structure, here called
the primary system, coupled with a TLCD, is given in Equation 2.1[︄

Ms + γAvL γAvαL
γAvαL γAvL

]︄{︄
ẍ(t)
ÿ(t)

}︄
+

[︄
Cs 0
0 1

2 γAvrAξ | ẏ(t) |

]︄{︄
ẋ(t)
ẏ(t)

}︄

+

[︄
Ks 0
0 2γAvg

]︄{︄
x(t)
y(t)

}︄

=−

{︄
Ms + γAvL

γAvαL

}︄
ẍg(t),

(2.1)

Trends Comput. Appl. Math., 27 (2026), e01901
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where Ms represents the mass of the primary system, γ the fluid density, ξ the head-loss coeffi-
cient, and rA the ratio between the cross-sectional areas of the vertical and horizontal sections of
the TLCD, respectively denoted by Av and Ah. The parameter α corresponds to the ratio between
the tube width B and the effective length of the fluid L = 2h+rA B, g is the gravitational constant,
Cs is the damping coefficient of the primary system, and Ks is the stiffness of the system. Finally,
x(t) and y(t) are, respectively, the relative displacement of the primary system and the displace-
ment of the liquid in the vertical columns of the TLCD, and ẍg(t) is the ground acceleration. The
system is illustrated in Figure 1(a).

Ms

▽

▽

Av

Ah

B

h

y(t)

x(t)

Cs

Ks

xg(t)

(a)

1

2

3

4

(b)

Figure 1: (a) Simplified dynamic model of a single-degree-of-freedom system coupled with a
TLCD, illustrating the vibratory system. (b) Experimental setup for testing, composed of: (1)
TLCD, responsible for passive energy dissipation; (2) upper fixation platform; (3) aluminum flat
bars supporting the structure; and (4) sliding base enabling the system’s oscillatory motion.

Thus, the present work addresses the numerical solution of Equation 2.1, considering physical
and geometric parameters associated with the bench shown in Figure 1(b). The problem formu-
lation involves analyzing how TLCD parameters affect the system’s dynamic response to assess
vibration attenuation under stochastic excitation.

The test bench illustrated in Figure 1(b) has dimensions of 0.60×0.30×1.15 m. Mass was added
to the upper platform of the test bench by attaching steel weights. The technical characteristics
of the bench are listed in Section 2.2.

Trends Comput. Appl. Math., 27 (2026), e01901
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2.2 Equation of motion matrices for the dynamic model with water

From Equation 2.1, the mass matrix (M) can be written as follows. The off-diagonal terms rep-
resent inertial coupling between the primary structure and the liquid column. Substituting the
parameters from Table 1, we obtain the matrix M with its corresponding values

M =

[︄
Ms + γAvL γAvαL

γAvαL γAvL

]︄
=

[︄
5.3533 0.1222
0.1222 0.2555

]︄
.

To obtain the stiffness matrix (K), this work used the basic formula for the flexural stiffness
of a beam, represented by the aluminum flat bar of the test bench (see Figure 1(b), item 3) in
cantilever configuration [13], as shown in Equation 2.2

k =
3EI
ℓ3 , (2.2)

where E is the material’s modulus of elasticity, which for aluminum is typically around 69 ·109

Pa or 69 GPa, and I is the moment of inertia of the column’s cross-section, and ℓ is the length
of the beam. For a rectangle, I = w · z3/12, where w is the width, and z is the thickness of the
beam. By substituting the values from Table 1, which provides further details on the beams, into
Equation 2.2, and considering that the test bench has four parallel beams, the stiffness for the
primary system is given by Ks = 4.k = 143.5133 N/m.

Regarding the fluid, the equivalent stiffness is derived from the conservative force resulting from
the TLCD’s gravitational potential energy, obtained using the expression 2γAvg in Equation 2.1.
By substituting the appropriate values, we find 6.8481 N/m. Therefore, the stiffness matrix K for
Equation 2.1 is given by

K =

[︄
Ks 0
0 2γAvg

]︄
=

[︄
143.5133 0

0 6.8481

]︄
.

Damping is a more challenging property to determine theoretically as it depends on multiple
factors, including internal material friction, boundary conditions, and interactions with other
components of the system. Experimental methods are often used to determine damping factors,
such as logarithmic decrement or frequency bandwidth [13]. Nonetheless, for this research, the
formula Cs = 2βωnMs is used to model the damping of the primary system, where ωn is the
natural angular frequency of the uncoupled primary system. This implies a simplified analytical
approach [28].

The damping factor β is adopted as 2% for the equivalent SDOF model of the assembled primary
structure [5]. This value is treated as a nominal effective damping ratio, intended to account for
dissipation associated with the mounted aluminum bars, support conditions, and interface effects,
rather than as an intrinsic property of aluminum alone [2, 3, 24, 30]. Since no dedicated modal
identification or free-decay test was performed in the present study, this assumption is maintained
as a practical modeling choice. The four bars are already represented in the equivalent structural

Trends Comput. Appl. Math., 27 (2026), e01901
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6 TLCDS UNDER STOCHASTIC EXCITATION

stiffness Ks. According to [4], the natural frequency fn of the uncoupled primary SDOF system,
in Hz, is given by Equation 2.3.

fn =
1

2π

√︃
Ks

Ms
. (2.3)

From the values already calculated for Ms and Ks, and making the substitutions in Equation 2.3,
we obtain fn = 0.8444 Hz and ωn = 2π fn = 5.3058 rad/s. Then, Cs = 2βωnMs = 1.0819 Ns/m.

Thus, the damping matrix C in Equation 2.1, whose element at row 2, column 2 is obtained by
substituting the corresponding values from Table 1, is given by

C =

[︄
Cs 0
0 1

2 γ Av rA ξ | ẏ(t) |

]︄
=

[︄
1.0819 0

0 0.1745ξ | ẏ(t) |

]︄
.

Table 1: Technical specifications and beam parameters of the test bench.

Component Parameter Value/Description

SDOF System

Mass (Ms) 5.0978 kg
Stiffness (Ks) 143.5133 N/m
Damping (Cs) 1.0819 Ns/m
Natural frequency ( fn) 0.8444 Hz

TLCD

Cross-sectional areas (Av, Ah) 0.00035 m2

Liquid density, water (γ) 998.2 kg/m3

Tube width (B) 0.35 m
Initial liquid level (h) 0.1910 m
Natural frequency 0.8240 Hz

Beams

Material Aluminum
Length (ℓ) 0.73 m
Width (w) 0.0254 m
Thickness (z) 0.00317 m

2.3 Estimation of the head loss coefficient

To investigate the influence of different fluid properties, the TLCD head-loss coefficient ξ (t)
is not treated as a constant experimental value. Instead, it is approximated analytically using
principles of fluid mechanics, accounting for the fluid’s viscosity, the tube roughness, and the
instantaneous flow regime.

The total head loss coefficient ξ is defined as the sum of major losses (ξmajor), due to friction
along the effective length of the liquid column, and minor losses (ξminor), caused by local singu-
larities such as elbows and fittings. According to the Darcy-Weisbach formulation [22], ξ (t) can
be expressed as Equation 2.4

ξ (t) = ξmajor(t)+ξminor = f (t)
L
D
+∑KL, (2.4)

Trends Comput. Appl. Math., 27 (2026), e01901
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where f (t) is the Darcy friction factor, L is the effective length of the liquid, D is the internal
diameter of the tube, and KL represents the loss coefficients for the geometric singularities (e.g.,
90◦ bends). In this experimental setup, the TLCD structure incorporates two standard 90◦ elbows.
A constant loss coefficient of KL = 1.1 was adopted for each elbow, consistent with typical values
for standard bends found in fluid mechanics literature [22].

The friction factor f (t) is a function of the dimensionless Reynolds number (Re) and the relative
roughness of the pipe (ε/D). The Reynolds number, which represents a ratio between inertial
and viscous effects in the fluid, is calculated based on the relative velocity of the fluid ẏ(t) and
on its kinematic viscosity ν , as expressed in Equation 2.5.

Re =
|ẏ(t)|D

ν
. (2.5)

The flow regime is classified as laminar for Re < 2300 and turbulent for Re > 4000. For the
laminar steady regime, the friction factor depends only on the Reynolds number, following the
theoretical derivation for Poiseuille flow [22], as given in Equation 2.6.

f =
64
Re

for Re < 2300. (2.6)

In the transition and turbulent zones, determining the exact friction factor is complex. For nu-
merical stability and simplicity, this study assumes that the turbulent formulation applies for
all Re ≥ 2300. Therefore, the Swamee-Jain equation [34], an explicit approximation of the
Colebrook-White equation [22, 34], is employed as shown in Equation 2.7.

f =
0.25[︃

log10

(︃
ε

3.7D
+

5.74
Re0.9

)︃]︃2 for Re ≥ 2300. (2.7)

This method provides a continuous assessment of the damping coefficient across the TLCD’s
entire operating range, approximating frictional losses in the transitional flow regime using a
turbulent-flow characteristic curve.

In Equation 2.7, ε denotes the absolute roughness of the tube material. The internal surface of
the TLCD is assumed to be hydraulically smooth, consistent with the acrylic tubes used in the
experimental setup. For the numerical simulations, an absolute roughness of ε = 1.5× 10−6 m
was adopted, which corresponds to the standard specification for drawn tubing and smooth plas-
tics in the Moody chart [23] and classic fluid mechanics literature [25,37]. This parameter is also
used to compute the relative roughness (ε/D) required to estimate the Darcy friction factor.

By implementing Equation 2.4 through Equation 2.7 into the numerical model, the damping term
in the equation of motion adapts to the choice of fluid (via density γ and viscosity ν), the TLCD
geometry (L and D), and the velocity ẏ(t).

Although the fluid motion in a TLCD is oscillatory and exhibits entrance-length effects after
the elbows, a quasi-steady-flow assumption is adopted in this study. This standard modeling ap-
proach implies that the instantaneous friction factor depends only on the instantaneous Reynolds

Trends Comput. Appl. Math., 27 (2026), e01901
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8 TLCDS UNDER STOCHASTIC EXCITATION

number, neglecting frequency-dependent effects on the velocity profile (such as the Womersley
effect [38]) and entry length development.

It is discussed in [20] that this assumption has limitations in the context of liquid column oscil-
lation, highlighting that it may lead to inaccuracies in predicting damping forces, especially at
higher frequencies or for highly viscous fluids. For the specific case studied here, this assumption
provides a reasonable approximation of the damping behavior.

2.4 Numerical method

The system of differential equations derived from Equation 2.1 was solved numerically in
Python [27]. The solve ivp function from the SciPy library [36] was employed for the time
integration. Given the potential stiffness of the nonlinear coupled system equations, particularly
when simulating high-viscosity fluids (e.g., glycerin), the BDF method was selected. This im-
plicit multi-step method is commonly used for stiff problems and was adopted here to solve the
transient response with variable time-stepping [35].

The implementation follows the standard BDF formulation for nonlinear problems, as detailed
in [11, 19]. The main time-history and fluid-comparison simulations used T = 60 s, an output
interval of 0.02 s, relative tolerance 10−7, and absolute tolerance 10−10. The parametric maps
used the same total duration, with an output interval of 0.10 s, a relative tolerance of 10−5, and
an absolute tolerance of 10−8 to control computational cost. The geometric study first evaluated
the original 11×11 grid and then used a nested 21×21 global grid, followed by local refinement
around the lower-response grid points for the RMS and MaxAbs displacement metrics. Since the
numerical response is evaluated at discrete time instants ti, with xi = x(ti) and i = 1, . . . ,N, these
metrics are computed as

xRMS =

√︄
1
N

N

∑
i=1

x2
i ,

and
xMaxAbs = max

1≤i≤N
|xi|.

The excitation applied to the system is stochastic and modeled as a single reproducible random
realization. The sliding base acceleration is generated as Equation 2.8

ẍg(t) = A(t)sin
(︂

Ω(t) t
)︂
, (2.8)

where A(t) is sampled from a normal distribution, A(t) ∼ N (0,1), and Ω(t) is the angular fre-
quency. A fixed random seed is used in the Python routine to ensure reproducibility; the reported
RMS and MaxAbs values are therefore single-realization metrics rather than ensemble averages.

The angular frequency, Ω(t), is sampled from a Weibull distribution. This distribution ensures
that the frequency values remain strictly positive, satisfying a physical requirement of the dy-

Trends Comput. Appl. Math., 27 (2026), e01901
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namical system. Accordingly, the parameters of the Weibull distribution are calibrated to yield a
mean equal to the coupled natural frequency of the primary system, expressed as

ωs =

√︄
Ks

Ms + γAvL
, (2.9)

with a standard deviation of 0.25. This formulation explicitly accounts for the liquid mass con-
tribution, thereby differing from Equation 2.3, which defines the uncoupled primary SDOF
system.

This formulation keeps the sampled frequency positive while retaining fluctuations in both the
amplitude and frequency of the ground acceleration.

The computational times reported in the grid-refinement comparison were obtained on a work-
station equipped with an Intel(R) Core(TM) i5-9400 CPU at 2.90 GHz, 16.0 GB of RAM, and 6
logical CPU cores, running a 64-bit Windows 11 operating system. The simulations used Python
3.13.13 [27], NumPy 2.4.4 [10], SciPy 1.17.1 [36], and joblib 1.5.3 [14] for parallel execution.

3 RESULTS

3.1 Time-history analysis

To assess TLCD efficiency, simulations were performed for two distinct configurations, with
water as the liquid column. In the first configuration, the TLCD is considered inoperable (a
closed valve impeding the liquid column’s motion), resulting in an SDOF system with y(t) = 0 in
Equation 2.1. In the second configuration, the TLCD operates normally, i.e., the 2-DOF system is
solved. This comparison permits an objective quantification of the TLCD’s efficiency in reducing
the amplitude and velocity of the principal structure.

The simulated displacement x(t) and velocity ẋ(t) of the primary system for these two config-
urations are shown in Figure 2. The amplitudes of the displacement and velocity are reduced
when the TLCD is operating. For this realization, the RMS displacement changed from 0.0224
m without TLCD to 0.0180 m with TLCD, corresponding to a reduction of 19.55%, while the
MaxAbs displacement changed from 0.0627 m to 0.0533 m, corresponding to a reduction of
14.98%. These results suggest that vibration energy is partially transferred to the liquid column,
with the device functioning as a passive damper in the simulated realization.

Now, considering the configuration with TLCD only, the displacement and velocity of the pri-
mary system and of the fluid free surface in the TLCD (i.e., the liquid-level displacement in the
vertical columns) are shown in Figure 3. From Figure 3(a), it can be observed that the primary
system

(︁
x(t)

)︁
and the fluid free surface

(︁
y(t)

)︁
exhibit distinct amplitudes over time, demonstrat-

ing that a portion of the vibrational energy is transferred to the TLCD. In general, y(t) tends to
reach higher values during certain intervals, due to the fluid absorbing and dissipating energy
that would otherwise remain concentrated in the motion of the primary mass.

Trends Comput. Appl. Math., 27 (2026), e01901
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Figure 2: (a) Time evolution of the primary system displacement x(t) under random excitation,
comparing the configuration without TLCD (blue line) and with TLCD (orange line). (b) Time
evolution of the primary system velocity ẋ(t) for the same random excitation, with and without
TLCD.
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Figure 3: (a) Displacement response x(t) of the primary system and y(t) of the free surface of the
fluid in the TLCD, under random excitation. (b) Corresponding velocities ẋ(t) and ẏ(t).

The velocities ẋ(t) and ẏ(t), shown in Figure 3(b), exhibit complementary oscillations, illustrat-
ing the energy transfer mechanism: when the structure starts to oscillate more intensely, the fluid
responds with a different phase, reducing the velocity amplitude ẋ(t). This nonlinear behavior
of the damping, associated with the modulus of ẏ(t), contributes to the limitation of the peak
velocities of the primary structure in the simulated realization.

The time-history results in Figure 2 and Figure 3 show the same qualitative dynamic patterns
reported in the preliminary RK45-based study by [32], that is, when the TLCD is active, the sim-
ulated displacement and velocity amplitudes of the primary structure are lower than in the con-

Trends Comput. Appl. Math., 27 (2026), e01901
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figuration without TLCD, and the liquid displacement y(t) evolves with amplitudes and phase
behavior distinct from the structural displacement x(t). This agreement is qualitative and refers
only to the observed response trends, namely attenuation of the primary-system motion and cou-
pled structure–liquid interaction. A direct numerical comparison between RK45 and BDF is
not performed because the present manuscript uses a revised dynamic head-loss formulation,
different damping assumptions, and updated simulation settings.

3.2 Fluid viscosity influence

Using water as the reference case, other fluids are selected for similar numerical analyses, as
described in Table 2. The physical properties of the fluids (density γ and kinematic viscosity ν)
at a reference temperature of 20◦C are set as per [22].

Table 2: Physical properties of the fluids considered in the numerical analysis at 20◦C [22].

Fluid Density Kinematic Viscosity
γ [kg/m3] ν [m2/s]

Water 998.2 1.004×10−6

Ethylene Glycol 1115.0 1.890×10−5

SAE 30 Oil 890.0 2.900×10−4

Glycerin 1264.0 1.117×10−3

The head-loss coefficient ξ (t) is calculated based on the equations of Section 2.3, and the mean
frequency and variance of the excitation are adjusted based on Equation 2.8 and Equation 2.9.
The RMS and MaxAbs metrics defined in Section 2.4 are then obtained to compare the efficiency
of each fluid in reducing the displacement amplitude of the structure.

The RMS displacement quantifies the energy content of the response over time, providing a
measure of overall damping efficiency. The MaxAbs displacement informs the peak response
amplitude of the structure. This metric is essential for evaluating the system’s safety in ultimate
limit states, ensuring that the TLCD effectively mitigates transient excursions.

For water, the structure exhibited the lowest RMS and MaxAbs values in the nominal geometry,
as shown in Figure 4. Replacing water with ethylene glycol, SAE 30 oil, or glycerin increased
both metrics in this configuration. This trend is consistent with the increase in frictional resis-
tance associated with viscosity, which restricts the liquid motion available for energy exchange
between the structure and the TLCD. The coupled displacements shown in Figure 5 illustrate
that the response also depends on the inertia and phase relation between x(t) and y(t).

SAE 30 oil and glycerin yielded higher structural vibration levels than water in the nominal
small-diameter tube. These fluids have high ξ (t) values, indicating greater frictional resistance
to liquid motion. Figure 5(c) and (d) depict the displacements of the structure x(t) and liquid y(t)
for oil and glycerin, respectively, showing that higher viscosity does not automatically improve
the TLCD response in this nominal geometry.
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Figure 4: Fluids comparison of (a) RMS and (b) MaxAbs displacement with the original
configuration of the experimental setup.
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Figure 5: Displacements of the structure and fluids as a function of time for (a) water, (b) ethylene
glycol, (c) SAE 30 oil, and (d) glycerin.
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Table 3 summarizes the natural frequency of the system, RMS, and MaxAbs values of x(t) for
each fluid. These results indicate that fluid viscosity affects the dynamic response of the coupled
system in the nominal geometry. While all fluids produce comparable natural frequencies, water
provides the lowest RMS and MaxAbs response. Ethylene glycol and SAE 30 oil yield inter-
mediate responses, while glycerin produces the largest RMS and peak displacement among the
fluids considered.

Table 3: Comparison of TLCD performance with different fluids using the current geometric
configuration (L = 0.7320 m, D = 21.1 mm).

Fluid Nat. Freq. xxxRMS xxxMaxAbs

fn [Hz] [m] [m]
Water 0.8241 0.0180 0.0533
Ethylene Glycol 0.8218 0.0209 0.0670
SAE 30 Oil 0.8262 0.0260 0.0704
Glycerin 0.8189 0.0353 0.0973

3.3 Liquid column geometry parametric analysis

A refined parametric analysis is now performed on the TLCD geometry to identify regions of
lower response for each fluid within the prescribed domain. The effective length L = 2h+ rAB,
as defined in Section 2, and the diameter D are varied, and the resulting RMS and MaxAbs values
are used as performance metrics. The liquid’s effective length L is the main parameter responsible
for tuning the liquid column frequency to the structure frequency, and D is associated with the
tube cross-sectional area, influencing the head-loss factor, as discussed in Section 2.3.

The initial 11× 11 grid was retained as a baseline case, and a nested 21× 21 grid was subse-
quently employed to evaluate the sensitivity of the lower-response points to spatial discretiza-
tion. Local refinements were then performed around the lower-response points obtained from the
21× 21 grid, and the results were evaluated using the RMS and MaxAbs metrics. The identi-
fied configurations should be interpreted only as lower-response grid points within the simulated
domain rather than continuous global optima.

Table 4 summarizes the grid-refinement comparison. The 21× 21 grid increased the computa-
tional time by approximately a factor of 3.4 relative to the 11×11 grid for each fluid. The refined
grid changed the selected lower-response region for several cases, including the RMS point for
water, the MaxAbs point for water and ethylene glycol, and the RMS point for glycerin. For SAE
30 oil, both metrics selected the same points in the two grids. These results support the use of
the refined grid and confirm that the configurations should be interpreted as lower-response grid
points within the prescribed domain rather than as continuous optima.

For water, as shown in Figure 6, the 21× 21 RMS map gives (L,D) = (0.925 m,40.0 mm),
while the MaxAbs map gives (L,D) = (0.900 m,48.0 mm). The subsequent local refinement

Trends Comput. Appl. Math., 27 (2026), e01901



i
i

“1901” — 2026/10/16 — 11:36 — page 14 — #14 i
i

i
i

i
i

14 TLCDS UNDER STOCHASTIC EXCITATION

Table 4: Comparison between the original 11×11 grid and the nested 21×21 grid. Coordinate
pairs are reported as (L [m],D [mm]), and ∆ indicates the change in reduction relative to the
nominal geometry.

Fluid Metric 11×11 point 21×21 point ∆ red. t11 [s] t21 [s]
(L,D) (L,D) [%]

Water
xRMS (0.900,22.0) (0.925,40.0) +0.32

83.9 289.3
xMaxAbs (0.900,46.0) (0.900,48.0) +1.41

Ethylene Glycol
xRMS (0.500,18.0) (0.500,18.0) +0.00

81.9 290.8
xMaxAbs (0.900,34.0) (0.925,36.0) +1.80

SAE 30 Oil
xRMS (0.500,10.0) (0.500,10.0) +0.00

79.3 280.8
xMaxAbs (0.500,46.0) (0.500,46.0) +0.00

Glycerin
xRMS (0.500,38.0) (0.500,40.0) +0.48

76.4 261.8
xMaxAbs (0.850,10.0) (0.850,10.0) +0.00

gave (L,D) = (0.925 m,40.8 mm) for RMS and (L,D) = (0.895 m,47.2 mm) for MaxAbs.
These results indicate that larger diameters than the nominal value reduce the response of the
water-filled TLCD within the explored range.

For ethylene glycol, the response maps shown in Figure 7 indicate a shallow RMS reduction and a
stronger reduction in the peak response. The 21×21 grid points are (L,D) = (0.500 m,18.0 mm)

for RMS and (L,D) = (0.925 m,36.0 mm) for MaxAbs. The local refinement gave (L,D) =

(0.5125 m,17.6 mm) for RMS and (L,D) = (0.920 m,36.8 mm) for MaxAbs. The regions
selected by the two metrics show that the design objective directly influences the preferred
geometry.
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Figure 6: Refined 21×21 maps for water: (a) RMS of x(t) with the lower-response grid point at
(L, D) = (0.925m, 40.0mm) and (b) MaxAbs displacement of x(t) with the lower-response grid
point at (L, D) = (0.900m, 48.0mm).
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Figure 7: Refined 21× 21 maps for ethylene glycol: (a) RMS of x(t) with the lower-response
grid point at (L, D) = (0.500m, 18.0mm) and (b) MaxAbs displacement of x(t) with the lower-
response grid point at (L, D) = (0.925m, 36.0mm).

The results for viscous fluids illustrate that the TLCD geometry must be adjusted before drawing
conclusions about their damping performance. For SAE 30 oil, the 21×21 grid retained the same
lower-response points obtained with the coarser grid: (L,D) = (0.500 m,10.0 mm) for RMS and
(L,D) = (0.500 m,46.0 mm) for MaxAbs, as shown in Figure 8. The local refinement retained
both values. The difference between the RMS and MaxAbs regions reflects the competing effects
of fluid inertia, tuning length, and frictional loss represented by the head-loss formulation in
Equation 2.4 through Equation 2.7.
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Figure 8: Refined 21 × 21 maps for SAE 30 oil: (a) RMS of x(t) with the lower-response
grid point at (L, D) = (0.500m, 10.0mm) and (b) MaxAbs displacement of x(t) with the
lower-response grid point at (L, D) = (0.500m, 46.0mm).
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Figure 9 gives the response maps for glycerin. The 21 × 21 RMS metric selects (L,D) =

(0.500 m,40.0 mm), whereas the MaxAbs metric selects (L,D) = (0.850 m,10.0 mm). The lo-
cal refinement gave (L,D) = (0.500 m,39.6 mm) for RMS and (L,D) = (0.825 m,10.2 mm) for
MaxAbs. This metric dependence indicates that the high density and viscosity of glycerin alter
both the inertial coupling and the frictional dissipation, so a single geometric recommendation
cannot be made without defining the design objective.
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Figure 9: Refined 21×21 maps for glycerin: (a) RMS of x(t) with the lower-response grid point
at (L, D) = (0.500m, 40.0mm) and (b) MaxAbs displacement of x(t) with the lower-response
grid point at (L, D) = (0.850m, 10.0mm).

Table 5 summarizes the reduction of RMS and MaxAbs values of the displacement x(t) after the
local refinements around the 21×21 lower-response grid points, using the nominal geometry as
the reference case under the same parametric-study simulation settings. The total computational
time for the grid-comparison and local-refinement procedure was 2094.2 s.

Table 5: Locally refined lower-response points and percentage reduction in the structural re-
sponse compared with the nominal geometric configuration under the same parametric-study
settings.

Fluid xxxRMS point xxxRMS xxxMaxAbs point xxxMaxAbs

(L [m],D [mm]) red. [%] (L [m],D [mm]) red. [%]
Water (0.925,40.8) 4.15 (0.895,47.2) 34.23
Ethylene Glycol (0.5125,17.6) 0.71 (0.920,36.8) 16.11
SAE 30 Oil (0.500,10.0) 7.51 (0.500,46.0) 23.61
Glycerin (0.500,39.6) 14.85 (0.825,10.2) 18.49
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4 CONCLUSIONS AND FUTURE WORKS

This study presented a numerical framework for analyzing the performance of Tuned Liquid
Column Dampers (TLCDs). A numerical approach based on the implicit, variable-order multi-
step BDF method was used to simulate the dynamic behavior of the structural system coupled
with the TLCD, accounting for nonlinear damping and stochastic excitation. By implement-
ing a dynamic evaluation of the head-loss coefficient using the Darcy-Weisbach, Poiseuille, and
Swamee-Jain formulations, the model captured the influence of fluid viscosity on the system’s
damping response.

The comparative analysis showed that simply substituting water with higher-viscosity fluids in
the nominal small-diameter configuration (D = 21.1 mm) increased the simulated structural re-
sponse for both RMS and MaxAbs metrics. The refined parametric maps indicated that geo-
metric adjustment can reduce RMS and peak displacement for all fluids within the analyzed
domain, with reductions ranging from 0.71% to 14.85% for RMS and from 16.11% to 34.23%
for MaxAbs after local refinement. The lower-response points were metric-dependent, and the
grid-refinement comparison showed that the coarser grid could select different regions for some
cases. Therefore, viscous fluids should not be treated as generally superior or inferior; their
effectiveness depends on the TLCD geometry and on the selected design metric.

The main limitations of the present study are its numerical character, the use of physical bench
parameters without quantitative experimental validation of the present damping model, the
single-realization stochastic excitation, and the restriction of the conclusions to the analyzed
fluids and the prescribed ranges of L and D. Future work should prioritize targeted experi-
mental calibration of the head-loss model, direct measurement of the liquid displacement y(t),
and model-comparison studies following comparison of the numerical model with measured
responses.
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